Abstract. The object of the present paper is to study the characterization of warped product manifolds satisfying some pseudosymmetric type conditions, especially, due to projective curvature tensor. For this purpose we consider a warped product manifold satisfying the pseudosymmetric
Introduction
Let ∇, R, S, G, P and κ be respectively the Levi-Civita connection, the Riemann-Christoffel curvature tensor, Ricci tensor, the Gaussian curvature tensor, the projective curvature tensor and the scalar curvature of an n-dimensional (n ≥ 3) connected smooth semi-Riemanian manifold M equipped with the semi-Riemannian metric g. Symmetry is a very important geometric property of a space. Cartan [3] introduced the notion of symmetry (local and global) on a Riemannian manifold in terms of geodesic symmetries. A semi-Riemannian manifold is said to be locally symmetric [3] if its local geodesic symmetries at each point are all isometry. According to Cartan-Ambrose-Hicks theorem a locally symmetric manifold can be characterized by the curvature condition ∇R = 0, i.e., the curvature tensor is covariantly constant (For the meaning and definition of various notations and symbols used here, we refer the reader to Section 2 of this paper).
As a proper generalization of locally symmetric manifold, Cartan [4] introduced the notion of semisymmetric manifold. A semi-Riemannian manifold is said to be semisymmetric [4] (see also [30] , [31] , [32] ) if R·R = 0, where the first R stands for the curvature operator acting as a derivation on the second R. It may be noted that a semi-Riemannian manifold is semisymmetric if and only if its sectional curvature function k(p, π) is invariant up to second order, under parallel transport of any plane π at any point p of M around any infinitesimal coordinate parallelogram centered at p (see [12] , [15] , [16] ).
During the study of totally umbilical submanifolds of semisymmetric manifolds as well as during the consideration of geodesic mappings on semisymmetric manifolds, Adamow and Deszcz [1] (see [7] and also references therein) introduced the notion of pseudosymmetric manifolds as a proper generalization of semisymmetric manifolds. A semi-Riemannian manifold is said to be pseudosymmetric if R · R and Q(g, R) are linearly dependent.
Let M be not of constant curvature and U denotes the set {x ∈ M : Q(g, R) = 0}. Then at a point p ∈ U, a plane π 1 ( v p , w p ) ⊂ T p M is said to be curvature dependent with respect to another plane π 2 ( x p , y p ) ⊂ T p M if Q(g, R)( v p , w p , v p , w p , x p , y p ) = 0. Now if π 1 is curvature dependent with respect to π 2 , then the scalar
is called the double sectional curvature or Deszcz sectional curvature ( [12] , [15] , [16] , [17] ) of the plane π 1 with respect to π 2 at p. In terms of Deszcz sectional curvature, a semi-Riemannian manifold is pseudosymmetric if at each point p ∈ U, L(p, π 1 , π 2 ) is independent of the planes π 1 and π 2 (see [12] , [15] , [16] , [17] ).
Replacing R by other curvature tensors and g by other symmetric (0, 2)-tensor in the defining condition of semisymmetric manifold and pseudosymmetric manifold one can get various curvature restricted geometric structures, which are simply called as semisymmetric type and pseudosymmetric type manifolds ( [10] , [11] , [13] , [22] , [25] , [28] ). For the geometric meaning of Weyl semisymmetric and Weyl pseudosymmetric spaces we refer the reader to see [18] . One of the important semisymmetric type (resp., pseudosymmetric type) manifold is semisymmetric (resp., pseudosymmetric) manifold due to projective curvature tensor. A semi-Riemannian manifold is said to be semisymmetric (resp., pseudosymmetric) due to projective curvature tensor if P · R = 0 (resp., P · R and Q(g, R) are linearly dependent).
Another important pseudosymmetric type manifold is Ricci generalized pseudosymmetric manifold.
A semi-Riemannian manifold is said to be Ricci generalized pseudosymmetric ( [5] , [6] ) if R · R and Q(S, R) are linearly dependent.
We refer the reader to see [26] for details about various curvature restricted geometric structures due to projective curvature tensor.
Again the notion of warped product manifold ( [2] , [19] ) is a generalization of product manifold and this notion is important due to its applications in general theory of relativity and cosmology.
Various spacetimes are warped product, e.g., Robertson-Walker spacetimes, asymptotically flat spacetimes, Schwarzschild spacetimes, Kruskal space-times, Reissner-Nordström spacetimes etc.
The main purpose of this present paper is to study the characterization of a warped product semiRiemannian manifold realizing some pseudosymmetric type curvature conditions, especially, due to the projective curvature tensor. For this purpose we consider the pseudosymmetric type condition
, and evaluate the characterization of a warped product manifold satisfying such curvature condition. As a special case we get the characterization of a warped product manifold which is (i) semisymmetric, (ii) pseudosymmetric, (iii) Ricci generalized pseudosymmetric, (iv) special Ricci generalized pseudosymmetric, (v) semisymmetric due to projective curvature tensor and (vi) pseudosymmetric due to projective curvature tensor etc. It is shown that if a warped product manifold
L 2 is nowhere zero, then at either the base M is flat or the fiber M is Einstein. Consequently for a warped product pseudosymmetric manifold due to projective curvature tensor or special Ricci generalized pseudosymmetric manifold either the base is flat or the fiber is Einstein.
The paper is organized as follows. After discussing various notations as preliminaries in Section 2, we define various pseudosymmetric type curvature restricted geometric structures in Section 3. Section 4 is devoted to the study of warped product manifold and we state the curvature relation of a warped product manifold with its base and fiber. In Section 5 we discuss about the characterization theorems of various pseudosymmetric type warped product manifolds. Finally to support our results we present some suitable examples of warped product manifolds in the last section. It is interesting to mention that notion of pseudosymmetric manifold arose during the study of totally umbilical hypersurface of a semisymmetric manifold, and in Example 1 we present a pseudosymmetric totally umbilical hypersurface of a semisymmetric manifold.
Preliminaries
Let M be a connected n-dimensional smooth manifold equipped with the semi-Riemannian metric g. Let us consider the following notations related to (M, g): [14] , [29] 
where X 1 , X 2 , X 3 , X 4 ∈ χ(M). Throughout the paper we consider X, Y, X 1 , X 2 , · · · ∈ χ(M). 
Now for D ∈ T
A tensor D ∈ T 0 4 (M) is said to be a generalized curvature tensor ( [9] , [20] , [22] ) if
The Gaussian curvature tensor G, Weyl conformal curvature tensor C, concircular curvature tensor W and conharmonic curvature tensor Kare all generalized curvature tensors and respectively given by
g ∧ g and
The projective curvature tensor P of type (0, 4) , given by
is not a generalized curvature tensor.
Again an endomorphism L can be operate on a (0, k)-tensor H and obtain L H as follows:
defined as ( [23] , [28] , [11] and also references therein)
Lemma 2.1. Let M be a connected warped product manifold with base M and fiber
if and only if
A and E are linearly dependent [5] . Moreover Q(A, E) = 0 if and only if M is Einstein, i.e., S = κ n g.
3.
Pseudosymmetric type curvature restricted geometric structures Definition 3.1. ( [22] , [30] , [31] , [32] 
In particular, a semi-Riemannian manifold with the semisymmetric type conditions R · R = 0, R · S = 0, R · P = 0, P · R = 0 and P · S = 0 is respectively called semisymmetric, Ricci semisymmetric, projective semisymmetric, semisymmetric due to projective curvature tensor and Ricci semisymmetric due to projective curvature tensor respectively. [7] , [9] , [22] In particular, a semi-Riemannian manifold satisfying
is called conformally pseudosymmetric, Ricci pseudosymmetric, projective pseudosymmetric, pseudosymmetric due to projective curvature tensor and Ricci pseudosymmetric due to projective curvature tensor respectively, where
In this paper we are mainly interested on the pseudosymmetric type condition
For particular values of L 1 and L 2 , we get various pseudosymmetric type conditions as follows:
Semisymmetric due to projective curvature tensor P · R = 0
Pseudosymmetric due to
Warped product manifolds
Warped product is an important notion in semi-Riemannian geometry and it has a great applications in general theory of relativity and cosmology. To impose a semi-Riemannian structure on a product smooth manifold, the notion of warped product metric arose as a generalization of Riemannian product metric. This notion was independently introduced by Kruckovic [19] (as semi-decomposable metric) as well as Bishop and O'Neill [2] . The most important example of non-Riemann product but a warped product is surface of revolution. Many well-known spacetimes, e.g., Schwarzschild, Kottler, Reissner-Nordström, Reissner-Nordström-de Sitter, Vaidya,
Robertson-Walker spacetimes are all warped products.
Let (M , g) and ( M , g) be two semi-Riemannian manifolds of dimension p and (n−p) respectively
The warped product metric g on M is given by 
on M, then in terms of local coordinates, g can be expressed as
where a, b ∈ {1, 2, ..., p} and α, β ∈ {p + 1, p + 2, ..., n}. We note that throughout the paper we consider a, b, c, d, e, s, t ∈ {1, 2, ..., p}; α, β, γ, δ, ǫ, µ, η ∈ {p + 1, p + 2, ..., n} and i, j, k, l, q, u, v ∈ {1, 2, ..., n}. Moreover, when is a quantity formed with respect to g, we denote by and , the similar quantities formed with respect to g and g respectively.
By a straightforward calculation we can evaluate the components of various necessary tensors of a warped product manifold in terms of the base and fiber components. The non-zero local components R hijk of the Riemann-Christoffel curvature tensor R, S jk of the Ricci tensor S and the scalar curvature κ of M are respectively given by
where G ijkl = g il g jk − g ik g jl are the components of Gaussian curvature and
The non-identically zero local components of R · R, Q(g, R) and Q(S, R) of M are given by
We refer the readers to see [5] , [21] , [24] , [27] and also references therein for detail information about warped product components of various tensors on M. 
Main results
if and only if the following conditions hold simultaneously:
(IV ) L 2 T ab Q( g, S) αβγδ = 0 and
Proof: In terms of local coordinates, (5.1) can be written as
Now from (4.2), (4.3) and (4.4) we see that the non-zero possibilities of (5.2) are
So it is obvious that to prove the theorem we have only to show that the conditions (I)-(V) are the simplified form of the possibilities (i)-(vi). Putting (i), (iii), (iv), (v) and (vi) in (5.2) and simplifying we get (I) to (V) respectively. Again putting (ii) in (5.2), we get
, which obviously follows from (II). This completes the proof.
Corollary 5.1. If a warped product manifold
M n = M p × f M n−p satisfies the pseudosymmetric type condition R · R = L 1 Q(g, R) + L 2 Q(S, R), then R · T = L 1 Q(g, T ) + L 2 Q
(S, T ).
Proof: From condition (II) of Theorem 5.1 we get the result easily.
Proof: Since M satisfies (5.1), then from the condition (IV) of Theorem 5.1, at every point x ∈ M we have the following three cases: Case 1: L 2 = 0. Therefore from (III) of Theorem 5.1, we get
Case 2: T = 0. In this case putting the value of T in (II) of Theorem 5.1, we get 
Now if T is identically zero, then from Condition
⇒ base is flat or fiber is Einstein [as L 2 is nowhere zero].
Again if Q( g, S) ≡ 0 then from Lemma 2.2, the fiber M is Einstein. This completes the proof.
Now from Theorem 5.1 we can easily get the characterization for a warped product semisymmetric and various pseudosymmetric type manifolds as follows:
if and only if the following conditions hold simultaneously: (iv) R · T = 0.
Corollary 5.4. ( [6] , [8] , [11] 
). Then (i) the base and fiber both are pseudosymmetric,
.
LQ(S, R) if and only if the following conditions hold simultaneously:
(IV) LT ab Q( g, S) αβγδ = 0 and 
Corollary 5.7. If a warped product manifold
Therefore as L 2 is nowhere zero, so from Theorem 5.3, we get our assertion.
Q( g, R).
(S, R) if and only if the following conditions hold simultaneously:
if and only if the following conditions hold simultaneously: 
if and only if the following conditions hold simultaneously: and
Scalar curvature of M is (−12). Again the non-zero components of R · R, Q( g, R) and Q( S, R) are
Then we can easily check that M satisfies R· R = −Q( g, R), i.e., M is a pseudosymmetric manifold of constant type.
Now by a straightforward calculation we can evaluate the components of various necessary tensors corresponding to M. The non-zero local components of the Riemann-Christoffel curvature tensor R and the Ricci tensor S of M upto symmetry are
and
The scalar curvature of M is 20a. Now the non-zero components (upto symmetry) of R·R, Q(g, R)
and Q(S, R) are
Then from the values of R · R and Q(g, R), we see that M satisfies R · R = aQ(g, R). Therefore M is a warped product pseudosymmetric manifold of constant type. In particular if a = 0, then M is a warped product semisymmetric manifold. Now R · R = aQ(g, R) ⇒ (R − aG) · R = 0 and 
Therefore the non-zero components (upto symmetry) of R, S, κ and P are given by R 1212 = R 1313 = R 1414 = − e In view of above results we see that M 2 satisfies the following pseudosymmetric type conditions:
(2e
3 Q(g, R) = Q(S, R),
(ii) P · R = 
Conclusions
In this present paper we have found out the necessary and sufficient condition for which a warped product semi-Riemannian manifold M n = M p × f M n−p satisfies the pseudosymmetric type condition R · R = L 1 Q(g, R) + L 2 Q(S, R). It is shown that on each point x ∈ M of such manifold either R = 0 or T = L 1 g or S = κ (n−p) g. Moreover if L 2 is nowhere zero, then either the base M is flat or the fiber M is Einstein. As a special case of the main theorem we get the necessary and sufficient condition for which a warped product semi-Riemannian manifold M n = M p × f M n−p satisfies the pseudosymmetric type condition (i) R·R = 0, (ii) R·R = L 1 Q(g, R), (iii) R · R = L 2 Q(S, R), (iv) R · R = Q(S, R), (v) P · R = 0, (vi) P · R = LQ(g, R).
It is proved that the base of a semisymmetric warped product manifold is semisymmetric and fiber is pseudosymmetric, whereas both the base and fiber of a pseudosymmetric warped product manifold are pseudosymmetric. It is also proved that on a warped product pseudosymmetric or semisymmetric manifold due to projective curvature tensor either the base is flat or the fiber is Einstein. By using the fact that the fiber of a semisymmetric warped product manifold is pseudosymmetric, we have established an example which ensures that a pseudosymmetric manifold is a totally umbilical hypersurface of a semisymmetric manifold.
